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Abs t rac t 
A linearized stability analysis is carried out for an 
evaporating liquid droplet in a hot atmosphere with a view 
to understand the stabilizing effects of surface tension to-
gether with the unstabilizing effects of expansion, due to 
the phase change, and of the motion in the liquid induced by 
tangential viscous stress on the interface. The analysis is 
carried out for both small and order-one gas Reynolds number 
based on the unperturbed Stefan flow. Two different surfaces 
bound the stability domain; on one of them, the growth rate 
of the perturbations is imaginary and on the other, vanishes. 
Introduction 
The subject of quasisteady droplet vaporization has re-
ceived considerable attention in the literature. Under very 
general conditions, the mass vaporization rate per unit area 
of the interface of a droplet evaporating in a stagnant hot 
atmosphere is proportional to the inverse of the droplet ra-
dius. Therefore, the area of the interface, or the square of 
its diameter, decreases at a constant rate. This behavior 
was first observed by Sreznersky in 1882, and its explana-
tion, given by Langmuir in 1918, is based on the fact that 
the mass flux is directly related to the heat flux coming to 
the interface from the gas, which is proportional to the in-
verse of the droplet radius. Later the "d-square law" was 
found to hold true for the consumption of a droplet of fuel 
burning in an oxidizing atmosphere. 
The "d-square lav?" results from assuming that the drop-
let temperature is constant equal to the boiling tempera-
ture, so that no heat is transferred to the interior of the 
droplet. In addition the quasisteady assumption is used for 
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the gas phase. These assumptions have not been used in more 
refined analyses, see for example the review by Sirignano 
(1983), but the literature on the stability of the droplet 
vaporization process is very scarce, 
When describing the liquid oscillations, one can take 
advantage of the fact that the gas-to-liquid density and 
viscosity ratios are small to neglect, in first approxima-
tion, the effect of the gas phase stresses on the droplet 
surface. This has been done in analysing the free oscilla-
tions of droplets and bubbles, first considered, in a way 
or another, by Kelvin (1890) and Rayleigh (1894) for the 
inviscid case; they found and undamped oscillatory motion. 
However viscous effects lead to the damping of these oscil-
lations as it as been shown first by Lamb (1932), who con-
sidered the small viscosity case. The more viscous cases 
were treated by Chandrasekhar (1959) and Reid (1960). An 
attempt to generalize the results of the small viscosity 
case to account for the possibly destabilizing effect of 
the vaporization, when this can be considered as a small 
perturbation, is presently under study and will be published 
elsewhere. 
In this paper we shall analyze another aspect of the 
linear stability of the vaporization of a droplet in a hot 
atmosphere, involved with a slow response of the system as-
sociated with the nonuniform temperature distribution within 
the droplet, found in the initial stages of the droplet va-
porization. Small perturbations in the local vaporization 
rate can induce instabilities which disappear altogether 
when the liquid temperature distribution becomes uniform. 
Instabilities of planar vaporizing interfaces, associ-
ated with nonuniform temperature distributions within the 
liquid have been described in the literature. For example, 
Palmer (1976) analyzed the stability of the vaporization of 
a superheated liquid, pointing out the role of the shear 
stress exerted on the liquid surface by the gas as a pos-
sibly relevant destabilizing factor, among others. The ef-
fect on the interface of pressure perturbations in the gas 
due to changes in the local vaporization rate and due to 
the motion of the gas was pointed out by Hickman (1952; 
1972) for this same problem, and similar effects had been 
found before by Landau (1944) for a flame propagating in a 
combustible gas mixture. In all these cases of unperturbed 
planar interfaces the viscosity does not play an important 
role in the determination of the velocity and pressure per-
turbations. Transport effects are, however, essential in 
the droplet vaporization problem, because the heat has to 
arrive at the interface by conduction against the radial 
outward flow induced by the vaporization. The pressure per-
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turbations now take a different form; however, they still 
have an important effect on the stability when the deforma-
tion of the interface is to be accounted for in the analy-
sis. 
Here the limit of small gas-to-liquid density and vis-
cosity ratios will be used. At the interface, we assume a 
local thermodynamic equilibrium condition, leading to the 
Clausius-Clapeyron relation, but, in many cases, when va-
porization occurs, the interface temperature is almost 
constant, close to the boiling temperature, because the ra-
tio cTj^ /L of the specific internal energy at the boiling 
temperature to the specific latent heat is moderately small. 
We begin by describing the spherically symmetrical, un-
perturbed, vaporization process that in the limiting case 
indicated above includes three stages. 
In a first stage the droplet is heated without signifi-
cant vaporization until the surface temperature reaches a 
value close to the boiling temperature T^; in this stage 
the stability analyses for a nonvaporizing droplet are ap-
plicable. 
In a second stage the surface temperature is close to 
Tjj, but a fraction of the heat reaching the droplet surface 
is transported to the interior of the droplet to uniformize 
the temperature distribution. The vaporization mass flux in-
creases during the second stage from a negligible value to 
the quasisteady value corresponding to the third stage, that 
cover most of the lifetime of the droplet, when the liquid 
temperature is nearly uniform. 
In the stability analysis two time scales appear. There 
is a fast response associated to the motion in the gas phase 
and a slow one associated to the liquid. When trying to des-
cribe the instabilities associated with the fast response, 
we found that, within the framework of the present model, 
the effects of the perturbations in the heat flux entering 
the droplet during the second heating-vaporization stage 
are negligible, so that this analysis is essentially the 
same for the second and third stages. It turns out that 
there are not instabilities associated to the fast response 
of the gas, and for this reason the stability analysis pre-
sented in this paper is restricted only to the slow time 
scale. The quasisteady state approximation is used in the 
analysis that follows, because the times involved are long 
compared with the gas-phase response time. 
Two main parameters are found to control the stability 
properties during the heating-vaporization period. One is 
the Reynolds number g, based on the droplet radius and the 
typical gas phase vaporization flow; the other parameter, 
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E, is the ratio of the pressure jump due to surface tension 
and the typical gas viscous stresses. 
The analysis is first carried out for low ambient tem-
peratures, when the vaporization rate is small enough to 
make the Reynolds number small, and for large values of E, 
so that the deformations of the interface can be neglected: 
The motion induced in the liquid by the viscous drag of the 
gas through the interface has a destabilizing effect, op-
posite to that of the motion induced by changes in surface 
tension, due to interface temperature perturbations, which 
is stabilizing. 
For small droplet radius E becomes of order unity and 
the deformation of the interface has to be accounted for. 
The analysis of this case is given for small and order one 
gas Reynolds numbers $. Two stability limits are found; on 
one of them the growth rate of the perturbations vanishes 
and on the other, which provides an upper bound for the 
heat flux coming from the gas to the droplet, it is imagi-
nary, resulting in an oscillatory behavior of the pertur-
bations . 
The same analysis is applicable to a droplet of fuel 
burning in an oxidizing atmosphere when the stoichiometric 
ratio is large or the oxidizer concentration in the gas 
is small, so that the combustion takes place far from 
the droplet. 
The Unperturbed State 
The following description of the unperturbed droplet va-
porization process is justified by the small value of the 
ratio of gas-to-liquid densities, that allows us to use the 
quasisteady approximation for the gas phase processes, and 
by the small value of the parameter cT^/L, that makes the 
vapor pressure very sensitively dependent on the interface 
temperature. The effect of surface tension on phase equi-
librium is neglected, retaining only its influence on the 
mechanical equilibrium of the interface. 
In the first of the three stages mentioned in the In-
troduction, the vaporization rate is negligible because the 
interface temperature is not yet close to the boiling tem-
perature Tjj. The heat coming from the gas phase is used to 
heat the droplet until, after a fairly well-defined heating 
time, the interface temperature reaches a value that dif-
fers from Tb by a small amount of order cT^/L and the va-
porization begins; the temperature ceases to increase at the 
interface but not in the interior of the droplet, where it 
is lower. In a second transient period of order tc=pLcRoAL, 
after the initiation of the vaporization, the temperature 
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in the bulk of the liquid is raising up to the boiling tem-
perature. Here, pL, c, and kL are the liquid density, spe-
cific heat, and thermal conductivity, respectively, and RQ 
is the initial droplet radius. At the end of this second 
stage, the liquid temperature is nearly uniform and.does 
not change in the rest of the vaporization. The droplet 
lifetime is tv^pLR0/m, in terms of the characteristic mass 
flux at the interface m ^ k (Too-T, )/R L; kp- is the gas ther-
mal conductivity and TOT the temperature far from the drop-
let. The droplet radius does not change appreciably in the 
second transient step because t^/tQ^Kki/^/Ckg/c^L/c-piT^-li)) 
is usually large, for example tv/tc ^  8 for a droplet of 
water in air at T =1000°K. 
QO 
In the first heating period, there is only pure conduc-
tion in the gas phase at distances of the order of the drop-
let radius, and the heat flux coming from the gas to the in-
terface is given by k„(Too-Ts)/RQ, where Ts is the unknown 
instantaneous interface temperature. In the liquid, the tem-
perature distribution is the solution of the problem 
3_0 J_J_ 
8 T ~ 2 dr 
r 
2 3 0] , , , 
r ;r— (.1) 3 r 
T = 0: 6 = 1 (2) 
90 
r = 0 : ^ = 0 (3) 
where 9 =(T-Tb)/(T£-Tb) is the nondimensional liquid temper-
ature; r is measured with the droplet radius as a unit; T = 
= t/tc, and IJJ-L = (kg/kL)CToo-Tb)/(Tb-Ti). A small term -9kg/kL 
has been omitted in the right-hand side of Eq. (4) because 
k„«kL. The solution can be written in the form of a infi-
nite series (Carslaw and Jaeger 1959) and is valid up to 
the instant x = T* in which 9(r=l) =0 and the vaporization 
begins, T* as a function of IJJ^  is plotted in Pig. la. 
In the second step, the temperature and the mass frac-
tion of the vapor in the gas are given by 
, exp[-B(l/r-l)l ,
 v 
Tgo=TD+(VTb) ~^~~a L (5) 
e -1 
-gLe/r 
Y -1-e (6) 
o 
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Fig. l . a . Nondimensional time of begining of the droplet vaporiza-
t ion as a function of ip^. The dashed l ines are the asymptotic ex-
pressions T* =7r/tt|^ and T1'' = l/3i|i^-l/15 for large and small values 
o f tjj^. 
where the s u b s c r i p t o i s used fo r the bas i c s o l u t i o n and 
(3 =mCpR/kg i s t he nondimensional vapor iza t ion r a t e , which is 
a funct ion of T, t o be c a l c u l a t e d as pa r t of the so lu t ion . 
Le i s the Lewis number of the vapor in the g a s . In the l i q -
u i d , t he hea t conduction equat ion (1) i s s t i l l va l i d but the 
cond i t ions (2-4) change t o 
0 = e*c.r) (7 ] 
r =0: 36 9r (.8) 
8 =0 (.9) 
where 9"(r) is the temperature distribution inside the drop-
let at the end of the first heating step. In order to cal-
culate 3(T), the additional boundary condition 
= 1: 
%B 
:
^ 2 6 -
36 
3r 
(10) 
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Fig. l .b . Time evolution of the nondimensional vaporization 
mass flux. 
i s needed, where ^ 2 = [Ck g /Cp) / (k L / c ) ] XL/CCT^-T- J ; ) . Equation 
(10) i s an energy balance through the i n t e r f a c e . Again, the 
so lu t ion of Eq. (1) and Eqs. (7 -9) can be w r i t t e n i n the 
form of an i n f i n i t e s e r i e s , and the va lue of g(x) r e s u l t i n g 
from Eq. (10) i s p lo t t ed in F i g . l b . For a d e t a i l e d account 
of the shor t t r a n s i t i o n between t h e f i r s t and second s teps 
see Lifian and Rodriguez (1985) . 
When T •*•<*>, 6 goes t o zero and a l l t h e hea t coming from 
the gas i s used in the v a p o r i z a t i o n . The f i n a l , asymptotic 
value of (3 i s 
& = l n [ l + c (T 
e L p o -Tb ) /L] ( U ) 
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and this expression is also valid in the last step if the 
instantaneous droplet radius is used in the definition of 6. 
The total mass flux i+TTR^ m is proportional to the droplet ra-
dius R(t), whose decay follows the "R-square law" 
^»i2 i . S : r J W (ia) R I c (T -T.) t 
*• O ' p oo D V 
with 
t 
PT c R2/k KL p o' g 
V c (T -TV)/L 
Formulation of the Linear Stability Problem 
The heat flux neccesary for vaporizing the liquid has to 
arrive from the gas counteracting the effect of the convec-
tion due to the vaporization; therefore, in the gas, the ra-
tio of convection to conduction, measured by B, cannot be 
large. The characteristic Reynolds number is $/Pr and Pr^l, 
so that viscosity is always important in the motion of the 
gas, and when the basic spherical solution is slightly per-
turbated, the pressure and velocity variations p' and u' are 
in the relation pi^UgUi/R, where ug is the gas viscosity 
coefficient. On the other hand, the equilibrium of tangen-
tial stresses at the interface leads to the condition Ur/ui^  
^yg/u- . The ratio of viscosity coefficients is very small 
and the parameter e = /pg/pL Vb/Vg will be assumed to be of 
order unity. Two main simplifications result from the small 
value of the gas-to-liquid density ratio and the foregoing 
estimates. First, the time derivatives can be neglected in 
the gas conservation equations because they are of order 
/pg/p^ compared to the others terms in these equations. 
Second, the interface is nearly a fluid surface from the 
point of view of the liquid. 
In order to estimate the characteristic time for the 
evolution of the perturbations, t0, the relation k..TJ/R ^  
'VLpguX, where T£ is the temperature perturbation in the 
liquid, must be taken into account. This relation comes from 
the energy balance through the interface. The heat flux en-
tering the liquid is always important in this balance, the 
basic spherical configuration being stable when it is negli-
gible, as will be seen later. However, the liquid Prandtl 
number Pr^ will be assumed to be large, as is often the case 
so that the heat conduction in the bulk of the liquid is too 
slow to affect the evolution of the perturbations, except in 
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a thin thermal layer close to the interface, and the energy 
conservation equation for the liquid leads to the relation 
Ti 'vtoui ^ T L o / ^ r ) * Carrying this to the previous relations 
results finally in 
t yT/pTR2^Pre2/g (13) 
The ratio tc/t0 ^ ^Pr-^/Pre is large, and therefore the 
change in the basic unperturhated solution is negligible in 
the stability analysis and the normal mode method for steady 
basic solutions is applicable. 
As a further simplification, density variations, which 
are due to temperature changes, are neglected in Both fluids. 
This allows us to write the momentum equations linearized 
for small perturbations in terms of the pressure and the ra-
dial components of the vorticity cogr and the velocity "u r, 
multiplying them by x=(r,0,0) after the operator Vx has 
been applied a certain number of times and the continuity 
equation V«v=0 has been used. The result in nondimensional 
form is 
3T ( r u L r ) cm) 
aT C r u L r ) = v 2 ( ™ i (15) 
3
 CV 2 ru L r )=V 2 (V 2 ru L r l 3 t 
(16) 
for the l i q u i d , and 
3/p t 3ru_ 
r Sr . 
r —s 3ruCT 
3r Sr 
3P 
-r - T ^ + V2Cru_ ) 3r gr (17) 
3/P. 3rto„ gr 
r —* + rwCT 
3r gr 
: V (
™ g r } (18) 
B/P 3 V ru 
or
 n2 
3 r Sr 
:V 2 (V 2 ru g r ) (.19) 
for the gas . The unprimed v a r i a b l e s u g r , p g , UL r, and p^ are 
the ve loc i ty and pressure pe r tu rba t i ons in each f l u i d nondi-
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mensionalized with the factors m/Pg, Ugin/pgR, (.m/p^yp^/p" 
and (\iim/piR)/p~i7p^i respectively. The time has been refer-
red to p^R2/^, "and r to the instantaneous droplet radius. 
Terms of order /p„/'pL corresponding to nonsteady effects in 
the gas and to recession of the interface in the unperturbed 
solution have been omitted. r2wr and r2ur are the defining 
scalars for the toroidal and poloidal components of the ve-
locity when the spherical harmonic decomposition is used 
(Chandrasekhar 1961). 
The linearized energy conservation equations for the gas 
and liquid phases are 
, , , - K i M ] ^ ^ ^ ^
 (M) 
r r & 
L R Lo =_l_ v2 T C21) 
3t Pre Lr 8r Pr L 
where 
c (.T -T, ) „ 
a- P " b - f - (.22) 
L
 e3-l 
and the temperatures of the gas and liquid have been non-
dimensionalized by multiplying them By Cp/L and c/LS, res-
pectively, with (5 = (kg/Cp)/C.kL/c). Notice the difference 
with the previous section. 
The mass conservation equation for the vaporizing spe-
cies in the gas can be obtained from Eq. (20) by replacing 
3 by 3Le and a by -3Le. 
As the unperturbed solution is quasisteady and normal 
modes are used, the time dependence is exponential for eve-
ry variable. In addition, the dependence on the angular var-
iables is accounted for with the spherical harmonic decompo-
sition, and the gas velocity and interface deformation, for 
example, are written as the real parts of Ugr(r,0,i[),t) = 
= ugr(r)exp(fit)YjCe,i(j) and rg-l =X exp(fit)Yjt 0,^), respec-
tively, where the deformation has been referred to the drop-
let radius. The same name is used for a variable and for its 
radial part. 1 and n are integers defining the angular mode. 
As a consequence of the symmetry of the basic solution, n 
does not appear in the results and ft, which is a complex 
number in general, depends only on 1 and the parameters. The 
equations for the radial functions result from Eqs. (14-21), 
replacing 3/9t by ft and V2 by l/r2d/dr(r2d/dr)-l(l+l)/r2. 
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In add i t ion to the r e g u l a r i t y cond i t ions a t t h e o r i g i n 
and a t i n f i n i t y , the so lu t i ons of these equat ions a re sub -
j ec t to the following c o n t i n u i t y and conse rva t ion conditions 
at the i n t e r f a c e , wr i t t en fo r t h e r a d i a l p a r t of the v a r i a -
bles a t r = 1 . 
du 
V 2 
• I * 
d r 
( |3/£Pr)uL r =fiX 
: V 2 £ ( u S r - X ) - 2 
•du 
« r 
d r + 6X 
t(l-l)(l+2)ZX+MCY-3LeX) 
d T \ y 
dr 1(1+1) 
r 2 ( j j c 
+ X = 0 
= 0 
(23) 
(24) 
(25) 
(.26) 
• + K 1 + D - 2 
d r 1(1+1) 
• + K.1+D-2 
^dr 
+ M(Y-3LeX) 
•T- (WT. -uu ) = 0 dr -"r s r 
T + aX = 0 
9TX 
r u 
T + lLr 3r 
Lo X=ACY-BLex) 
g r 
1(1+1) •4X 
(27) 
C28) 
(29a) 
(29b) 
dTT dT 
e V +^r" d r + a3X (.30). 
DT -#Le OT „ , dY _ -
BLee u g r - 6 L e Y + ^ - = 0 ( 3 D 
where terms of order /pE /pL have been neg l ec t ed , as we l l as 
a small term X S T L O / 3 T in t he l e f t - h a n d s i d e of Eq. ( 3 0 ) . 
Equation (23) i s the mass conse rva t ion c o n d i t i o n . Equation 
(24) i s the momentum conservat ion c o n d i t i o n , the convect ive 
flux being neg l ig ib l e in the l i q u i d . Z = p^cr/mUg i s the non-
dimensional surface tens ion c o e f f i c i e n t and M = (RgT^/LY,-,) x 
x p„(da/dT)/mu„ <0 , where R i s the vapor c o n s t a n t , i s a 
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Marangoni number. The conditions of continuity of tangential 
velocities at the interface and the balance of tangential 
stresses lead to Eqs. (25,26) and (27,28), taking into ac-
count the continuity equation. The last terra in Eq. (27) is 
the tangential stress due to the change of surface tension 
with the temperature, which, in turn, is related to the lo-
cal concentration of the vapor at the interface through the 
equilibrium condition. A = RgCTjj/L Y0(l)<5, appearing in the 
linearized equilibrium condition (29b), gives the magnitude 
of the interface temperature changes on the liquid-vapor 
saturation curve. Notice that these temperature changes are 
neglected in Eq. (29a) because they are small compared to 
the temperature perturbations in the gas. Finally Eqs. (30) 
and (31) come from energy and mass balance through the inter-
face. 
The equations set (15), (18), (26), and (28), with the 
regularity conditions at the center of the droplet and at 
infinity, has the trivial solution OJ
 r = u)Lr = 0. Only the 
other equations are going to be considered from here on. 
Perturbations Without Deformation of the Interface 
The normal stress due to the surface tension is propor-
tional to 1/R, whereas the normal viscous stress of the gas 
on the interface varies like 1/R2 because it arises from a 
velocity gradient and the velocity itself varies like 1/R. 
E is a measure of the relative importance of both effects 
and it is proportional to the droplet radius (m ^ 1/R); there-
fore, the larger the droplet size, the more difficult it is 
to deform the interface by the action of perturbations due 
to local changes in the vaporization rate. Here we consider 
the limit E » 1 , which is appropriate for all but very small 
droplets, neglecting the deformation of the interface. In 
addition, it will be assumed that 6e « 1 Calways with f^Pr^ 
» 1 ) , so that viscosity dominates the motion of both fluids 
and the left-hand sides of Bqs. (14-19) can be neglected. 
The velocity and pressure perturbations in the gas and liq-
uid phases can be written as 
Sr 2C21-1)*1 r1+2 
1+1 
+ C,r Lr 2(21+3) 
P„ =' 
(1+1)r 1+1 
Blr 
(32) 
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whereas the temperature and concentration perturbations are 
given by 
1 --
rj 
"1 
(41(21-1) ~2(l+l)rJ (33) 
V" 
Y 
8T. 
1+1 { 2(21-1 ) T C 1 T+T + 0 ( S 2 ) 
Lo 
ePrfJ 8r (2(21+3) 
V 1+1 
[ 1T + Ci r 1" 1) 
• 
+ AYCDexp y/nPr7(.r-l) 
{ h 
(.34) 
(35) 
where use has been made of Eqs. (29) and (31). The last term 
in Eq. (35) is due to the temperature changes- at the inter-
face and is associated with the thin thermal layer close to 
it. Carrying these results to conditions (23), (.25), (27), 
and (30) at the interface, the system 
B! 
2(21+3) + C l = ° 
21 2(2i?i)-bl1=° 
(36a) 
(36b) 
h^r-^i2^2-^ =_c l^L +b 21(l+2) + MY(l)lCltl) (36c) 
ST 
Lo 
EPrfi 8r 
1-1 
1 2'(21+3) + C i ( 1 - 3 ) + A/OTrL Y(l) 
I 
i—v + b, 
2(21-1) 1 
\ 
= 0 (36d) 
is obtained. The last equation comes from Eq. (30); the per-
turbation in the heat flux from the gas to the interface 
drops out because it is of order 3 compared to the others 
terms in this equation. The system (36) leads to the disper-
sion relation 
tt=- (a-3)(3+M6Le)l(l+l) 1>2 (37) 
e^ Pr (21+1) (l+l+ALeA2PrL) 
where use has been made of the result 3TL0/8rL = oH?. When 
cTb/L->-0, both A and M vanish and the interface temperature 
does not change. In this case, the Basic configuration is 
unstable. The reason is that below the interface regions 
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VISCOUS STRESSES EFFECT 
(DESTABILIZING) 
HARAKGONI EFFECT 
(STABILIZING) 
Fig. 2. Schematic representation of the viscous stresses and Maran-
goni effects in the case Z » l , |3 e«l. 
where the mass flux increases that is, where Yj(,6,i)j) 
<0 if it is chosen ci>0, because u„ (r=l) =-ciYj/l(21-l) 
the radial velocity in the liquid is directed toward 
the center of the droplet (for r<l, the radial velocity is 
dominated by the component Cjr YJ(0,I|J) and C^_ = 3(cj_/e)/ 
/2C+12-1) >o). The temperature of every liquid particle does 
not change due to the perturbations because the heat conduc-
tion is negligible in the bulk of the liquid, and therefore 
the heat flux entering the droplet decreases at these re-
gions of the interface and increases where u_ (r=l) <0. 
There is more energy available for vaporization where ini-
tially ugr >0 than where u„ <0, and, as shown in the result 
(37) with A = M =0, the differences in the local vaporization 
rate increase even more, (see Fig. 2a). 
The interface temperature changes, when cT^/L is differ-
ent from zero, are reflected in the denominator of Eq. (37). 
Their effect is not able by itself to stabilize the spheri-
cal configuration, but the temperature changes also lead to 
changes in surface tension whose effect is the term propor-
tional to M in Eq. (37), which is stabilizing for the usual 
case M < 0. At the interface regions where the vaporization 
rate increases, u„r > 0, the vapor mass fraction Y and the 
temperature also increase, leading to a decrease in surface 
tension; then the liquid is dragged along the interface to-
ward the colder regions, being replaced by cold liquid com-
ing from the interior of the droplet, (see Fig. 2b). This 
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liquid motion due to Marangoni effects increases the heat 
flux toward the liquid side at these hot interface regions. 
The basic configuration will be stable when the stabi-
lizing Marangoni effects prevail over destabilizing effects 
due to viscous stresses. 
The previously discused effects are proportional to 
8Tjj0/3r|;|, and, therefore, the growth rate of the perturba-
tions decreases with time due to the time evolution of the 
basic state. For values of $ePrL ^ 1 the response time of the 
perturbations equals the characteristic time of the basic 
solution and the previous normal mode analysis ceases to be 
valid. However BePrL^l can be understood as a qualitative 
criterion for stability, taking into account that in this 
case there is not time enough for the growth of the pertur-
bations . 
Perturbations with Deformation of the Interface 
When the droplet is small enough, Z is not large compar-
ed to unity and the effect of surface tension is not able to 
keep the interface spherical, so that its deformation has to 
be accounted for in the analysis. Notice that Z^l for a wa-
ter droplet of a few microns with 3^1. 
We begin by analysing the effects of the surface defor-
mation for E^l in the case of small values of Qe (with 
3ePr]j»l). Afterward the analysis is extended to order one 
gas Reynolds number but for simplicity we will consider 
here the limiting case cT^/L^O, so that A CM=0 and there-
fore, in particular, the Marangoni effects are excluded. The 
velocity and pressure perturbations are still given by Eq. 
(32), but new terms, proportional to the interface deforma-
tion X, have to be included in the right-hand sides of the 
conditions (36) at the interface; these terms are (ePr/£)fiX 
in Eq. (36a), -1(1+1)X in Eq. (36b), and -41(1+1)X in Eq. 
(36c). An additional relation, to determining!, comes from 
the normal momentum conservation condition through the in-
terface (24), which can be written as 
-
e(Bi i ^ + 2(1-1)ci) =-ci T I T f e l T + 2 U + 2 ) b i ' 1 2 X 
+ (1-1)(1+2)ZX+MY(D C36e) 
The deformation of the interface induces a temperature per-
turbation in the gas phase given by Tg =-aX/r1+l, which is 
much greater than that in Eq. (33), and a new term -a(.l+l)X 
appears in the right-hand side of Eq. (36d). The modified 
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s e t of e q u a t i o n s , wi th Eq. (36e) inc luded, leads t o the d i s -
pers ion r e l a t i o n 
Afi2 +Bna +C =0 (38) 
where 
A = 2 
l2+41+3 1 + ALe/Pr~n/ ( l+ l ) 
P a/3-1 
C21+1X1+2)
 v „ l 3 t 2 1 2 - 4 1 - 2 > l + A L e / P r ^ / ( l + l ) 
Z+4 L -M-l-2) _ j1 1(1-1) a/3-1 
+ 2 21
3
-81-9-M6Le(.l2+31+3) 
1(1+1) 
c = 2 213-51tl2-me(l2+21-4) _ ( 3 + M 6 L e ) ( 1 + 2 ) x 
and Ji =e2Prfi/3. 
The basic state is seen to be stable when the tempera-
ture of the liquid is uniform, a =$. In this case Cj_ = 0 and 
the normal stress of the gas on the interface has a restor-
ing effect, like the surface tension. When (a-3)/3 ^ l/PrL«l 
the time evolution of the perturbations become very slow and 
the normal mode analysis is not applicable. 
The modes 1=1 are associated with translations of the 
droplet without deformation of the interface. Only Marangoni 
effects can limit the growth of these perturbations, when 
-M$Le > 9. The discussion that follows for the other modes is 
restricted to the case A =0, so that perturbations in the 
interface temperature appear only through their effect on 
the surface tension. Eq. (38) becomes a quadratic expression 
and the stability limits can be obtained by equating to zero 
the coefficients of the different powers of fi^. The limit 
with fl^ = 0 is given by 
y 2 213-5H-12-(,l2+21-i+)MgLe ,QQ, 
L
~3 (l-l)(l+2)(l+MpLe/3) C39J 
The minimum value of the right-hand side for 1 integer is 
obtained for 1=2. These modes are the first to lose stabili-
ty and the basic state is unstable for £ > (3 - 2M(3Le/3)/ 
/(l+MgLe/3). When -AiBLe > 3 the stability limit dissappears 
and every perturbation decreases with time. 
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The s t a b i l i t y l i m i t wi th f^  imaginary i s obtained from 
(38) by equating to zero t h e c o e f f i c i e n t of the l i n e a r term 
in % . With a/B > 1 , the r e s u l t i s meaningful only for 1=2, 
because g r ea t e r values of 1 lead t o E < 0 on the s t a b i l i t y 
l i m i t . There are f ive modes with 1=2, and for t h e s e the 
s t a b i l i t y l i m i t i s 
ct-g 
B 
6+51 
3 1+13M3W9 ( to) 
which gives an upper bound t o the nondimensional heat flux 
coming from the gas , a . This l i m i t moves to i n f i n i t y and 
disappears for -M$Le=9/13; only t h e previous l i m i t , with 
% = 0 , remains for 9/13 <-M3Le< 3 . 
The r e s u l t s (39) and (10) a re p l o t t e d in F i g . 3 , as 
boundaries of the s t a b i l i t y domain of t he b a s i c s o l u t i o n . 
As can be e a s i l y seen from the previous equa t ions , the 
ve loc i ty and pressure p e r t u r b a t i o n s in t he l i q u i d vanish 
when % = 0. The pe r tu rba t ions of p r e s su re and normal viscous 
s t r e s s of the gas on the i n t e r f a c e a re p o s i t i v e in the r e -
gions where X < 0 , and nega t ive where X > 0 , whereas the ef-
ot-ft 
Fig. 3. Stability region for 1 » &e » 1/Pr, and several values of 
-M3Le. The arrows indicate the direction of increase of the fre-
quency on the stability limit. When (a - 6) ^l /Pr^ the normal mode 
analysis fails and this is represented by the dotted l ines. 
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feet of the surface tension is opposite. Therefore the equi-
librium is possible only for a value of E, given by Eq. (39). 
It is also easy to compute the small perturbations in the 
pressure and normal stress of both fluids on the interface 
close to this stability limit, leading to the result 
fli =(,a/^""1)/1Q2Z' f o r Z' =(E-3)«1 and M = 0 (41) 1 15-a/P 
so that the perturbations grow if E is greater than 3, at 
least while 0 <(a/0-1) <14, which is the range of interest 
(see Fig. 3). 
The second stability limit, with fi^ imaginary, is as-
sociated with the existence of a term quadratic in ti^ in Eq. 
(38). This derives from the fact that the velocity pertur-
bations are proportional to both the interface deformation 
and its velocity, whereas the perturbation in the heat flux 
entering the liquid, which, together with the heat flux com-
ing from the gas, determines the local vaporization rate, is 
proportional to the integral of the velocity, generating a 
term 1/% in Eq. (36d). 
The analysis can be extended to see how both stability 
limits change when ge grows to values of order unity. Ac-
cording to the estimates in the section on formulation, the 
time derivatives can no longer be neglected in the momentum 
equations for the liquid, Eqs „ (14—16), but the solutions 
of these equations can be written in terms of modified Bes-
sel functions. The left-hand sides of Eqs. (17-19) must also 
be retained; the solutions of these equations must be ob-
tained numerically. Carrying them and the solutions of Eqs. 
(20,21) to the boundary conditions (23-30), an homogeneous 
system of linear equations results; the compatibility condi-
tion provides the dispersion relation between Q and 1, with 
the seven parameters a, g, Pr, Z, e, A, and M. This will not 
be written for the sake of brevity. The following results 
correspond to the limiting case of constant interface tem-
perature, so that A =M =0. 
The stability limit with SI imaginary is obtained by put-
ting 0, = ifln in this dispersion relation. The result for Rr = 
=0.7, E =1, and several values of $ is plotted in Fig. k. 
Also plotted in this figure is the stability limit with fl=0, 
which does not depends on a. Like in the case 6e « 1 , the 
perturbations in the liquid vanish on this stability limit, 
but now we find also perturbations in the flux of momentum 
with the same direction as the perturbations in the pressure 
and normal viscous stress of the gas on the interface; such 
perturbations have to be balanced by the surface tension. 
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Concluding Remarks 
The analysis carried out in this paper shows the exis-
tence of instabilities of the droplet vaporization process 
in a stagnant atmosphere that may appear during the early 
stage of the vaporization, when the temperature within the 
droplet is not yet uniform. These instabilities are due to 
the motion of the liquid toward the interior of the droplet 
in those regions where the surface temperature, and there-
fore the vaporization rate, is higher; the liquid motion is 
induced by the gas phase viscous stress. 
The destabilizing effects of the viscous stresses are 
stronger for E » l , when the effects of the surface tension 
forces are capable to maintain the droplet spherical, coun-
teracting the deforming effects of viscous stresses, so as 
to impede the deformation of the droplet. This is the case 
for large droplet radius. 
The analysis of the strong vaporization case, involving 
values of $^1, should be extended to include the Marangoni 
effects that have been found to be stabilizing in the sim-
plified analysis carried for 3 e « l . 
It should also be noticed that the characteristic growth 
time of these instabilities, associated with the temperature 
nonuniformity within the droplet, becomes very large when 
the temperature gradients in the liquid tend to zero, in the 
last long stage of the droplet history, and these instabili-
ties cease to be important. 
During the droplet lifetime the representative point of 
the quasisteady state in the parameter space in Fig. 4 chan-
ges . Early during the second stage g « 1 , while a and E3 = 
= 0"RCppg/Ugkg are finite, so that the spherically symmetri-
cal state appears as unstable. However, the characteristic 
time of the perturbations is QFr^ times- shorter than the 
characteristic time tc for change in B; so that at early 
times when 3 is small the perturbations grow very slowly un-
less 3Pr]j»l. For liquids with nor very large values ofPr^, 
0 will grow, taking the system to the stable region in Fig. 
4, before the perturbations grow significantly. 
As mentioned in the Introduction, there are no instabil-
ities associated to nonsteady effects in the gas phase. Al-
though the analysis is not presented in the text, it is easy 
to understand this result when 3e <<: 1 a n d radial convection 
effects are negligible. In this case the temperature pertur-
bations in the gas are due mainly to deformations of the in-
terface, which are very small, so that the changes in the 
heat flux toward the interface are not strong enough to mod-
ify the local mass vaporization rate; the resulting linear-
ized problem is the same as that for a constant-volume bub-
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ble in a viscous f l u i d , which l eads to a s t a b l e behav io r , 
(Lamb 1932, Chandrasekhar 1961, Reid 1969). Numerical r e -
s u l t s for the corresponding e igenvalue problem show the same 
decaying behavior of the p e r t u r b a t i o n s even fo r l a r g e values 
of the Reynolds number, when 3 e ^ l . 
The reader should remember t h a t the a n a l y s i s g iven here 
does not include the effect of t he motion of t he d rop l e t 
with respec t to the enviroment, based on the assumption t h a t 
the corresponding Reynolds number i s small compared with 
un i ty . 
The ana lys i s can be extended t o account for t he l i n e a r 
t r ans i en t response of the l i q u i d phase i n t he burning of a 
fuel d rop le t whose vapor r e a c t s with an o x i d i z e r p r e s e n t i n 
the atmosphere, leading to a d i f fu s ion c o n t r o l l e d flame in 
the gas phase. The r e s u l t s ( see Higuera 198 5) a r e very s imi-
l a r to the ones of t h i s paper and both co inc ide e x a c t l y , as 
mentioned in the In t roduc t ion , i n t he l i m i t i n g cases when 
the flame sheet l i e s far from the d r o p l e t , and a l s o when 
Be « 1, or when the Lewis number of the fue l vapor and the 
oxidizer are equal to each o t h e r , or one of them i s equal 
to the u n i t y . 
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